Abstract. In this paper we give a description of the first order deformation space of a regular embedding X ֒→ Y of reduced algebraic schemes. We compare our result with results of Ran (in particular [Ran, Prop. 1.3]).
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Terminology. For deformation theory we refer to [Se, Hart2, GLS] . We will use the same notation and terminology as in [Se] . In particular, a closed embedding ν : X ֒→ Y of algebraic schemes will mean a closed immersion as in [Hart, p.85] . For a closed embedding ν : X ֒→ Y we will set Ω 1 Y | X := ν * (Ω 1 Y ).
First order deformations of closed regular embeddings
1.1. Preliminaries. Let X and Y be reduced (noetherian and separated) algebraic schemes over an algebraically closed field k and let ν : X ֒→ Y be a regular closed embedding of codimension r, i.e., X, as a subscheme of Y , is locally defined by a regular sequence (cf. [Se, App. D] ). We want to study first order deformations of ν without assuming, as in [Se, §3.4.4] , that Y is smooth.
where I is the ideal sheaf of X in Y , as in Remark 1.2. We also observe that jν : X ֒→ Y ֒→ Y is a regular closed embedding and Y is reduced. The conormal exact sequences (see Remark 1.2) of ν, j and jν fit in the commutative diagram
where I is the ideal sheaf of X in Y.
To prove the proposition, we want to prove that λ(s) = µ(t) if and only if there exists a closed embedding
restricting to ν : X → Y over Spec(k), i.e. such thatνi = jν. First assume that λ(s) = µ(t), i.e., there exists a commutative diagram
By (8), the map βα = M L in (5) can be identified with the map γ in (6), whose kernel is
In particular the conormal sequence of X in Y, which is the central vertical sequence in (6), fits in the commutative diagram
Since I/I 2 ⊕ O X is locally free, by (9) we obtain the new diagram 
where the fiber products are between the derivation d : O X → Ω 1 X and the conormal maps. Conversely, assume that there is a closed embedding (7) such thatνi = jν. Then one obtains a diagram like (5), with
Using the universal property of the fiber product, one deduces an isomorphism of extensions as in (8), ending the proof of the proposition. Remark 1.4. Suitable versions of the maps λ and µ can be defined even if the embedding ν is not regular. However our proof of Proposition 1.3 does not extend, as it is, to this more general case, because the kernel of the conormal sequence of X in Y is no longer locally free.
1.3. Comments. To better understand the maps λ and µ, and the related geometry, observe that they fit in the following diagram with exact rows and columns:
where the lower row arises from the conormal sequence of ν : X ֒→ Y and the second column from
(I/I 2 , O X ) (using that I/I 2 is locally free) and one checks that Ext
consists of first order deformations of X as a subscheme of (the fixed scheme) Y , while H 1 (X, N X/Y ) is the corresponding obstruction space (because X is regularly embedded in Y ), and the map
The diagram (11) and the cotangent braid [GLS, p. 446] 
should be the first order deformation space of ν preserving X and Y (cf. [Se, §3.4 .1]), while Ext
should be the corresponding obstruction space. This is the case if Y is smooth (see [Se, Prop. 3.4.2] ). The first fact follows from the following more general result. Proposition 1.5. Let f : X → Y be a morphism of reduced algebraic schemes and let Def X/f /Y be the deformation functor of f preserving X and Y . Then
Proof. Let j : Γ ֒→ X × Y be the embedding of the graph of f in X × Y and q : X × Y → Y and p : X × Y → X the natural projections. Then, by arguing as in step (i) of the proof of [Se, Prop. 3.4 .2], we find a natural isomorphism of functors between Def X/f /Y and the local Hilbert functor H X×Y Γ . In particular, by [Se, Prop. 3.2 .1], we have
where J is the ideal sheaf of Γ in X × Y . Now observe that Γ and X are isomorphic via pj. Hence Γ is reduced and the conormal sequence of Γ in X × Y can be written as
where A is a torsion sheaf on Γ. Moreover we have the (split) exact sequence
By restricting this to Γ one finds the exact sequence is pro-representable (cf. [Se, Cor. 3 
.2.2]).
Remark 1.6. The proof of Proposition 1.5 adapts the proof of [Se, Prop. 3.4 .2] to the singular case. Note that, if Y is singular, the graph of f : X → Y is in general no longer a regular embedding, even if f is a regular embedding. Therefore
1.4.
Comparison with results by Z. Ran. In [Ran] there is a proposal for a classifying space for first order deformations of a morphism f : X → Y , with X, Y any pair of schemes. Given f : X → Y there are two obvious maps
In [Ran] one constructs vector spaces Ext i (δ 1 , δ 0 ), i 0, fitting in the long exact sequence
and the map ϕ 1 is defined accordingly. The result in [Ran] is that Ext 1 (δ 1 , δ 0 ) is the classifying space in question (see [Ran, Prop. 3 
.1]).
We remark that Ext 1 (δ 1 , δ 0 ) does not, in general, coincide with Def f (k[ǫ]). Indeed, let us consider the case in which f : X → Y is a regular embedding. Then, by (11), one has ϕ 1 = λ − µ. Therefore
We now provide an example where the map ∂ is non-zero, which shows that Ext 1 (δ 0 , δ 1 ) surjects onto Def f (k[ǫ]) but is not isomorphic to it. Example 1.7. Let π : Y → Z be a smooth surjective morphism with Z smooth of positive dimension, Y irreducible such that h 0 (Y, Θ Y ) = 0 and irreducible fibres all isomorphic to a fixed X such that
This situation is easy to cook up: it suffices to take Y = X × Z and h 0 (X, Θ X ) = h 0 (Z, Θ Z ) = 0.
Remarks on deformations of nodal curves on normal crossing surfaces
Let S be a connected surface with (at most) normal crossing singularities and i : C ֒→ S be the regular embedding of a (reduced) nodal curve. Let N ⊂ S be the length-δ scheme of nodes of C lying on the smooth locus of S and π : Y → S be the blowing-up at N . Denote by X the proper transform of C in Y . Then φ = π| X : X → S is the partial normalization of C = φ(X) at the nodes on the smooth locus of S. We will assume that X is connected. We will set g := p a (X) (since X is connected, then g 0). Denote by ν : X ֒→ Y the embedding of X in Y and by Def φ (k[ǫ]) the first order deformation space of φ.
Lemma 2.1. There exists a natural isomorphism
Proof. One has an exact sequence
, which is an isomorphism.
Now assume H is a polarization on S and assume that there is an irreducible component B of a moduli scheme parametrizing isomorphism classes of polarized surfaces with no worse singularities than normal crossings, such that (S, H) ∈ B and the general point of B corresponds to a pair (S ′ , H ′ ), with S ′ smooth and irreducible.
One sees that there exists (at least locally) a scheme V m,δ , called the (m, δ)-universal Severi variety, endowed with a morphism φ m,δ : V m,δ / / B. The points in V m,δ are pairs (S ′ , C ′ ) with (S ′ , H ′ ) ∈ B, and C ′ ∈ |mH ′ | nodal, with exactly δ nodes on the smooth locus of S ′ , and connected normalization at these δ nodes (in [CFGK1, § 2] we treated the special case of K3 surfaces).
Let V be an irreducible component of V m,δ and assume that for (S ′ , C ′ ) ∈ V general, the normalization of C ′ at the δ nodes is stable. Then one has the obvious moduli map
where M g is the Deligne-Mumford compactification of the moduli space of smooth, genus g curves. Given (S, C) ∈ V, if the normalization X of C at the δ nodes on the smooth locus of S is stable, then ψ m,δ is defined at (S, C). In particular, from Lemma 2.1 and diagram (11), we obtain: Corollary 2.2. There are natural identifications
Moreover, if X is stable, then the map
Remark 2.3. When S is a smooth surface, the tangent space to V m,δ at (S, C) coincides with the space of first order locally trivial deformations of i : C ֒→ S. In particular, by [Se, Prop. 3.4 .17] we know that T (S,C) V m,δ ≃ H 1 (S, T S C ), where T S C is the sheaf defined in [Se, (3.56) ], and Ext
), for i = 0, 1, 2, as observed in [FKPS] in the case S is a K3 surface.
In general the computation of the cohomology groups appearing in diagram (11), hence in the stament of Lemma 2, is difficult. A possible approach to this problem is by degeneration, as we explain now.
Since the surface Y has normal crossing, there is on Y a locally free sheaf Λ 1 Y (cf. [Fr, Thm. [Fr, §3] , [CFGK2, §2] and related references).
Let X ⊂ Y → ∆ be a flat family of curves with fibres X t , for t ∈ ∆ and X 0 = X as above. Then, by flatness and semicontinuity, one has
Hence, in order to prove that the moduli map is generically of maximal rank, it suffices to prove vanishing theorems for Ext (Ω 1 Yt ⊗ O Yt (X t ), O Yt ) on the general Y t . This approach has proved to be useful in the case of K3 surfaces (see [CFGK2] ).
Errata corrige to "A note on deformations of regular embeddings"
The main result of the paper [CFGK] (Proposition 1.3) is wrongly stated. Nevertheless the proof of Proposition 1.3 and Proposition 1.5 provide a complete description of Def ν (k [ǫ] ) and the paper needs only the corrections below.
